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Contraction of integral type
Fixed point
a b s t r a c t
We establish a fixed point theorem for mappings satisfying (ψ, ϕ)-weakly contractive
conditions in complete generalized metric spaces, a concept introduced in [A. Branciari,
A fixed point theorem of Banach–Caccioppoli type on a class of generalized metric spaces,
Publ. Math. Debrecen. 57 (2000) 31–37]. The theorem presented extends and generalizes
many existing results from the literature.
© 2011 Published by Elsevier Ltd
1. Introduction
In 2000, Branciari [1] introduced the notion of a generalized metric space where the triangle inequality of a metric space
has been replaced by an inequality involving three terms instead of two. He also extended the Banach contraction principle
in such spaces. After that, many fixed point results were established for this interesting space. For more details about fixed
point theory in generalized metric spaces, we refer the reader to Das [2,3], Das and Lahiri [4,5], Azam and Arshad [6], Akram
and Siddiqui [7], Fora et al. [8], Miheţ [9], Samet [10,11] and Sarma et al. [12].
Let (X, d) be a generalized metric space. For r > 0, and x ∈ X , we define
Br(x) := {y ∈ X | d(x, y) < r}.
In [1], Branciari claimed that {Br(x) : r > 0, x ∈ X} is a basis for a topology on X , d is continuous in each of the coordinates
and a generalized metric space is a Hausdorff space. Moreover, the proof of the Banach contraction principle given in [1] is
based on these previous properties. In [11], Samet presented a counter-example to show that such properties are not true.
The same observation was considered by Sarma et al. in [12]. Moreover, in [12] the authors presented a rigorous and nice
proof of the Banach contraction principle by assuming that the generalized metric space in Hausdorff.
In [13], Dutta and Choudhury established the following fixed point theorem involving a pair of distance altering functions
in complete metric spaces.
Theorem 1.1 (See Dutta and Choudhury [13]). Let (X, d) be a complete metric space and let T : X → X be a self-mapping
satisfying the inequality
ψ(d(Tx, Ty)) ≤ ψ(d(x, y))− ϕ(d(x, y))
for all x, y ∈ X, where ψ, ϕ : [0,+∞) → [0,+∞) are both continuous and monotone nondecreasing functions with
ψ(t) = ϕ(t) = 0 if and only if t = 0. Then T has a unique fixed point.
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The purpose of this work is to extend this theorem to the set of generalized metric spaces. Moreover, in our result the
monotonicity property of the function ϕ is omitted. Our proof in generalizedmetric space ismore technical than that in [13].
2. Basic concepts
Before we prove the main results, we recall the following definitions introduced in [1].
Definition 2.1. Let X be a non-empty set and d : X × X → [0,+∞) be a mapping such that for all x, y ∈ X and for all
distinct points u, v ∈ X , each of them different from x and y, one has
(i) d(x, y) = 0 if and only if x = y,
(ii) d(x, y) = d(y, x),
(iii) d(x, y) ≤ d(x, u)+ d(u, v)+ d(v, y) (the rectangular inequality).
Then (X, d) is called a generalized metric space (or for short g.m.s.).
Definition 2.2. Let (X, d) be a g.m.s., {xn} be a sequence in X and x ∈ X . We say that {xn} is g.m.s. convergent to x if and only
if d(xn, x)→ 0 as n →+∞. We denote this by xn → x.
Definition 2.3. Let (X, d) be a g.m.s. and {xn} be a sequence in X . We say that {xn} is a g.m.s. Cauchy sequence if and only if
for each ε > 0 there exists a natural number n(ε) such that d(xn, xm) < ε for all n > m > n(ε).
Definition 2.4. Let (X, d) be a g.m.s. (X, d) is called a complete g.m.s. if every g.m.s. Cauchy sequence is g.m.s. convergent
in X .
Now, we are ready to state and prove our results.
3. The main results
First we introduce the following notation.
We denote by Ψ the set of functions ψ : [0,+∞)→ [0,+∞) satisfying the following hypotheses:
(h1) ψ is continuous and nondecreasing,
(h2) ψ(t) = 0 if and only if t = 0.
We denote byΦ the set of functions ϕ : [0,+∞)→ [0,+∞) satisfying the following hypotheses:
(c1) ϕ is continuous,
(c2) ϕ(t) = 0 if and only if t = 0.
Note that any monotonicity property is imposed for ϕ ∈ Φ .
We have the following result.
Theorem 3.1. Let (X, d) be a Hausdorff and complete g.m.s. and let T : X → X be a self-mapping satisfying
ψ(d(Tx, Ty)) ≤ ψ(d(x, y))− ϕ(d(x, y)) (3.1)
for all x, y ∈ X, where ψ ∈ Ψ and ϕ ∈ Φ . Then T has a unique fixed point.
Proof. Let x0 be an arbitrary point in X . Define the sequence {xn} in X by
xn+1 = Txn, n = 1, 2, . . .
Step 1. We will prove that
d(xn, xn+1)→ 0 as n →+∞. (3.2)
Applying inequality (3.1) with x = xn−1 and y = xn, we obtain
ψ(d(xn, xn+1)) ≤ ψ(d(xn−1, xn))− ϕ(d(xn−1, xn)). (3.3)
Using the monotone property of the ψ-function, we get
d(xn, xn+1) ≤ d(xn−1, xn).
It follows that {d(xn, xn+1)} is monotone decreasing and consequently, there exists r ≥ 0 such that
d(xn, xn+1)→ r as n →+∞.
904 H. Lakzian, B. Samet / Applied Mathematics Letters 25 (2012) 902–906
Letting n →+∞ in (3.3) and using the continuity of ψ and the continuity of ϕ, we obtain
ψ(r) ≤ ψ(r)− ϕ(r),
which implies that ϕ(r) = 0, and then r = 0. Thus we have proved (3.2).
Step 2. We will prove that
d(xn, xn+2)→ 0 as n →+∞. (3.4)
Using inequality (3.1), we have
ψ(d(xn, xn+2)) = ψ(d(Txn−1, Txn+1))
≤ ψ(d(xn−1, xn+1))− ϕ(d(xn−1, xn+1))
≤ ψ(d(xn−1, xn+1)).
From themonotone property of theψ-function, it follows that {d(xn, xn+2)} ismonotone decreasing and consequently, there
exists s ≥ 0 such that
d(xn, xn+2)→ s as n →+∞.
Letting n →+∞ in the above inequality, we getψ(s) ≤ ψ(s)− ϕ(s), which implies that s = 0. Thus we have proved (3.4).
Step 3. We claim that T has a periodic point. Suppose, to obtain a contradiction, that T has no periodic point. Then {xn} is a
sequence of distinct points, that is, xn ≠ xm for all m ≠ n. We will show that in this case, {xn} is a Cauchy g.m.s. If possible,
let {xn} not be a Cauchy sequence. Then there exists ε > 0 for which we can find subsequences {xm(k)} and {xn(k)} of {xn}
with n(k) > m(k) > k such that
d(xm(k), xn(k)) ≥ ε. (3.5)
Further, corresponding to m(k), we can choose n(k) in such a way that it is the smallest integer with n(k) > m(k) and
satisfying (3.5). Then
d(xm(k), xn(k)−1) < ε. (3.6)
Now, using (3.5), (3.6) and the rectangular inequality, we get
ε ≤ d(xn(k), xm(k))
≤ d(xn(k), xn(k)−2)+ d(xn(k)−2, xn(k)−1)+ d(xn(k)−1, xm(k))
< d(xn(k), xn(k)−2)+ d(xn(k)−2, xn(k)−1)+ ε.
Letting k →+∞ in the above inequality, using (3.2) and (3.4), we obtain
d(xn(k), xm(k))→ ε+ as k →+∞. (3.7)
On the other hand, we have
d(xn(k), xm(k)) ≤ d(xn(k), xn(k)−1)+ d(xn(k)−1, xm(k)−1)+ d(xm(k)−1, xm(k)),
d(xn(k)−1, xm(k)−1) ≤ d(xn(k)−1, xn(k))+ d(xn(k), xm(k))+ d(xm(k), xm(k)−1).
Letting k →+∞ in the above inequalities, using (3.2) and (3.7), we obtain
d(xn(k)−1, xm(k)−1)→ ε as k →+∞. (3.8)
Applying inequality (3.1) with x = xn(k)−1 and y = xm(k)−1, we get
ψ(d(Txn(k)−1, Txm(k)−1)) ≤ ψ(d(xn(k)−1, xm(k)−1))− ϕ(d(xn(k)−1, xm(k)−1)),
that is,
ψ(d(xn(k), xm(k))) ≤ ψ(d(xn(k)−1, xm(k)−1))− ϕ(d(xn(k)−1, xm(k)−1)).
Now, letting k →+∞, using (3.7), (3.8), the continuity of ψ and the continuity of ϕ, we obtain
ψ(ε) ≤ ψ(ε)− ϕ(ε),
which implies that ε = 0, a contradiction with ε > 0. Hence, {xn} is a Cauchy g.m.s. Since (X, d) is a complete g.m.s., there
exists x ∈ X such that xn → x. Applying inequality (3.1) with x = xn and y = x, we obtain
ψ(d(Txn, Tx)) ≤ ψ(d(xn, x))− ϕ(d(xn, x)) ≤ ψ(d(xn, x)),
which implies that
d(Txn, Tx) ≤ d(xn, x).
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Since xn → x, letting n → +∞ in the above inequality, we obtain that xn+1 = Txn → Tx. As (X, d) is Hausdorff, we have
x = Tx, a contradiction with the assumption that T has no periodic point. Consequently T admits a periodic point, that is,
there exists a ∈ X such that a = T pa for some p ≥ 1.
Step 4. Existence of a fixed point. If p = 1, then a = Ta, that is, a is a fixed point of T . Suppose now that p > 1. We will prove
that u = T p−1a is a fixed point of T . Suppose that this is not the case, that is, T p−1a ≠ T pa. Then d(T p−1a, T pa) > 0 and
ϕ(d(T p−1a, T pa)) > 0. Now, using inequality (3.1), we obtain
ψ(d(a, Ta)) = ψ(d(T pa, T p+1a))
= ψ(d(T (T p−1a), T (T pa)))
≤ ψ(d(T p−1a, T pa))− ϕ(d(T p−1a, T pa))
< ψ(d(T p−1a, T pa)).
Using the monotone property of the ψ-function, we deduce that
d(a, Ta) < d(T p−1a, T pa).
Again, using inequality (3.1), we have
ψ(d(T p−1a, T pa)) ≤ ψ(d(T p−2a, T p−1a))− ϕ(d(T p−2a, T p−1a))
≤ ψ(d(T p−2a, T p−1a)).
Using the monotone property of the ψ-function, we deduce that
d(T p−1a, T pa) ≤ d(T p−2a, T p−1a).
Continuing this process, we get
d(a, Ta) < d(T p−1a, T pa) ≤ d(T p−2a, T p−1a) ≤ · · · ≤ d(a, Ta).
Then we obtain the following contradiction: d(a, Ta) < d(a, Ta). Hence, the supposition that u is not a fixed point of T is not
true and thus u = T p−1a is a fixed point of T . Thus we have proved the existence of a fixed point of T .
Step 5. Uniqueness of the fixed point. If v,w ∈ X are fixed points of T , then
ψ(d(v,w)) = ψ(d(Tv, Tw)) ≤ ψ(d(v,w))− ϕ(d(v,w)),
which implies that d(v,w) = 0, that is, v = w. Thus we have proved the uniqueness of the fixed point of T . This completes
the proof. 
Now, from Theorem 3.1, we will show that we can derive many interesting fixed point results in generalized metric
spaces.
Denote byΛ the set of functions α : [0,+∞)→ [0,+∞) satisfying the following hypotheses:
(h1) α is a Lebesgue integrable mapping on each compact subset of [0,+∞),
(h2) for every ε > 0, we have
 ε
0 α(s) ds > 0.
We have the following result.









for all x, y ∈ X, where α, β ∈ Λ. Then T has a unique fixed point.
Proof. The function t ∈ [0,+∞) →  t0 α(s) ds belongs to Ψ and the function t ∈ [0,+∞) →  t0 β(s) ds belongs to Φ .
Then the result follows immediately from Theorem 3.1. 
Taking β(s) = (1− k)α(s) for k ∈ [0, 1) in Theorem 3.2, we obtain the following result.
Corollary 3.3 (See Samet [10, Theorem 2]). Let (X, d) be a Hausdorff and complete g.m.s. and let T : X → X be a self-mapping
satisfying d(Tx,Ty)
0




for all x, y ∈ X, where α ∈ Λ and k ∈ [0, 1). Then T has a unique fixed point.
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Taking α ≡ 1 in Corollary 3.3, we obtain the following result.
Corollary 3.4 (See Branciari [1], and Sarma et al. [12]). Let (X, d) be a Hausdorff and complete g.m.s. and let T : X → X be a
self-mapping satisfying
d(Tx, Ty) ≤ k d(x, y)
for all x, y ∈ X, where k ∈ [0, 1). Then T has a unique fixed point.
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